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FROBENIUS STRUCTURES ON DOUBLE HURWITZ SPACES
STEFANO ROMANO
Abstract. We construct Frobenius structures of “dual type” on the mod-
uli space of ramified coverings of P1 with given ramification type over two
points, generalizing Dubrovin’s construction of [3, 5]. A complete hierarchy
of hydrodynamic type is obtained from the corresponding deformed flat con-
nection. This provides a suitable framework for the Whitham theory of an
enlarged class of integrable hierarchies; we treat as examples the q-deformed
Gelfand-Dickey hierarchy and the sine-Gordon equation, and compute the cor-
responding solutions of the WDVV equations.
Introduction
Since the discovery in the seventies [19, 7, 16] of algebro-geometric solutions
of soliton equations, the notion of “spectral curve” (roughly speaking, a Riemann
surface with a marked meromorphic function) proved to play a central role in the
theory of integrable systems. For any commuting hierarchy of PDEs of KdV type,
the algebro-geometric machinery produces a rich supply of exact quasi-periodic so-
lutions built out of theta functions on the Jacobian of a spectral curve. These
solutions come in families, parametrized by a suitable moduli space of spectral
curves; we loosely refer to the latter as a “Hurwitz space”.
The existence of Frobenius structures [5] on Hurwitz spaces may be viewed as
the cornerstone of the connection between Whitham theory of slow modulation
of soliton lattices and topological field theory [4, 17, 18]: on one hand, Frobe-
nius structures on moduli spaces of quasi-periodic solutions are directly inherited
from the bi-hamiltonian structure of the original hierarchy through a procedure of
“Whitham-averaging” over the invariant tori [8]; on the other hand, the notion of
Frobenius manifold itself represents the geometric axiomatization of the mathemat-
ical structure of topological field theories.
According to the standard definition, Hurwitz spaces are moduli spaces of ram-
ified coverings of P1 of a given genus and given ramification type over the point
∞ ∈ P1 (plus possibly some additional discrete data). A complete construction
of Frobenius structures on these spaces was established by Dubrovin in [3, 5] (and
further developed by Shramchenko [23, 24]); it involves the choice of a “quasi-
momentum differential”, which is the analogue of Saito’s primitive form in the
framework of unfoldings of isolated hypersurface singularities [22]. In our context,
it is a certain moduli-dependent Abelian differential on the spectral curve (possibly
multi-valued) with singularities only at the points lying over ∞.
In this work we consider a more general class of Hurwitz spaces, allowing the
ramification of the cover to be assigned over two points, 0 and∞; we call them “dou-
ble” Hurwitz spaces. They are closely related to the so-called “double-ramification
cycles”, which in recent years proved to be important characters in the study of the
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tautological ring of Mg,n. Our interest here is however confined to the Frobenius
structures on these spaces and the related Whitham-type hierarchies.
The fact that a double Hurwitz space carries some sort of Frobenius structure does
not come as a surprise. It was shown by Krichever [18] that an exact solution
of WDVV can be associated to a moduli space of spectral curves in a very broad
sense; in his setting, the meromorphic function on the spectral curve needs not even
be single-valued, and can in fact be replaced by an Abelian integral. The present
work can be seen as a detailed study of this kind of weak Frobenius structures on
generalized Hurwitz spaces in a fairly simple case1.
Our approach is a direct adaptation to the double ramification setting of that of
Dubrovin in [3]: we use the language of horizontal differentials and their universal
pairing to define the relevant metrics on the moduli space in canonical coordinates.
Let us summarize our main results:
• We show that a double Hurwitz space is endowed with a Frobenius structure
of the type arising from Dubrovin’s almost-duality [6]; this roughly speaking
means that the unit vector field and the Euler vector field coincide in this
structure.
• From the deformed almost-dual flat connection we extract a complete hier-
archy of hydrodynamic type, naturally represented in the “invariant” form
of Flaschka, Forest and McLaughlin [11].
• We observe that whenever one of the two assigned ramification profiles
is trivial, a new compatible flat metric appears on the Hurwitz space.
This recovers Dubrovin’s construction for “single” Hurwitz spaces, but also
prompts an additional remark: the Hurwitz spaces without tangency con-
straints carry a tri-hamiltonian Frobenius structure in the sense of [21].
• We provide explicit formulas for the flat coordinates of the metrics involved,
expressed in terms of pairings of horizontal differentials. This yields a
practically efficient way of computing the corresponding prepotentials.
Again, all the Frobenius structure appearing depend upon the choice of a quasi-
momentum differential. One of the main novelties of the double-ramification setting
is that singularities of the quasi-momentum at the zeros of the covering map be-
come admissible.
Our construction is motivated by several instances of integrable hierarchies whose
dispersionless limit/Whitham theory appears to be best treated in the present set-
ting. An example appeared in [2], where the dispersionless limit of the Ablowitz-
Ladik hierarchy is shown to be described by a Hurwitz space with a non-admissible
quasi-momentum differential. We consider a similar case here, namely the disper-
sionless limit of the q-deformed Gelfand-Dickey hierarchy [14, 15]. As a second
example we study the Whitham-averaging of the sine-Gordon equation over the
1We essentially consider Abelian integrals of differentials of the third kind with integer residues
at the marked points (the covering map being identified with the exponential of the Abelian
integral, and thus being single-valued). Although we will not treat it here, let us mention that
the methods we present admit a straightforward generalization to the case of non-integer residues.
The latter turns out to have interesting applications in the context of equivariant Gromov-Witten
theory: concrete examples suggest that for certain toric varieties a suitable mirror model is given
by a multivalued Ginzburg-Landau superpotential, with periods related to equivariant parameters.
This topic will be investigated in a subsequent publication with A. Brini, G. Carlet and P. Rossi.
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space of g-phase solutions, which is known to be described by a double Hurwitz
space of hyperelliptic curves [10].
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1. Preliminaries
1.1. Frobenius structures. In this work we will make use of a few different no-
tions of Frobenius structure; we collect them in the following
Definition 1. LetM be an n-dimensional complex manifold. A Frobenius structure
on M is the data of
• A flat metric η on M . By this we mean a holomorphic symmetric non-
degenerate (0, 2)-tensor with flat Levi-Civita connection.
• A commutative unital algebra structure on the tangent spaces of M , de-
pending holomorphically on the point and compatible with η in the sense
that
η(X · Y, Z) = η(X,Y · Z) for all vector fields X,Y, Z
where · denotes the product of the algebra.
such that the pencil of affine connections
(1.1) ∇(z)X Y
.
= ∇XY + zX · Y z ∈ C
is identically flat in the complex parameter z. Here X,Y are arbitrary vector fields
on M and ∇ is the Levi-Civita connection of η. We distinguish three types of
Frobenius structure:
(D) The Frobenius structure is dual-type if there is a constant d such that
(1.2) ∇df = 0 ⇒ ∂ef = 1− d
2
f
for all functions f on M .
(C) The Frobenius structure is conformal if
(i) The unit vector field ∂e is flat with respect to ∇.
(ii) There exists an Euler vector field ∂E satisfying the following:
– The endomorphism ∇∂E of the tangent spaces is covariantly constant
and diagonalizable.
– Define the grading operator µˆ as the traceless part of −∇∂E ,
(1.3) µˆ
.
=
(
1− d
2
)
I −∇∂E , d = 2− 2 tr(∇∂E)
and U as the operator of multiplication by the Euler vector field:
UX .= ∂E ·X
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Then the flat pencil (1.1) extends to a flat meromorphic connection
on M × P1 via the formulas
∇(z) ∂
∂z
= 0
∇(z)∂/∂zX =
∂
∂z
X + UX − 1
z
µˆX
(T) The Frobenius structure is tri-hamiltonian if it is conformal, n is even and
the grading operator (1.3) has only two eigenvalues ±d/2 with multiplicity n/2.
For each of the three definitions, the constant d is called the charge.
Part (C) coincides with Dubrovin’s original definition of Frobenius manifold [5].
One of the main consequences of the conformality axiom (ii) is the existence of a
flat pencil of metrics on M , formed by η together with the intersection form
g(X,Y )
.
= η(X,U−1Y )
The latter is only defined outside the locus of degeneracy of U (the so-called dis-
criminant). The notion (D) of dual-type Frobenius structure was introduced by
Dubrovin in the context of almost-duality [6]: he showed that any conformal Frobe-
nius manifold carries an additional dual-type structure, in which the flat metric is
g and the product is
(1.4) X ⋆ Y
.
= U−1X · Y
Remark 1. For d = 1 (1.2) means that the unit is flat; thus a dual-type structure of
charge one can be equivalently described as non-conformal Frobenius (i.e. without
Euler vector field). Relevant examples arise in the context of equivariant Gromov-
Witten theory.
The notion (T) of tri-hamiltonian Frobenius structure was introduced by Pavlov
and Tsarev [20] in the semisimple setting, and treated in general in [21]. Its interest
lies in the fact that on a tri-hamiltonian Frobenius manifold the third metric
η˜(X,Y )
.
= η(X,U−2Y )
is flat and forms flat pencils with both η and g; moreover, the product
(1.5) X ∗ Y .= U−2X · Y
induces together with η˜ a third Frobenius structure on M . To each of the three
structures one can associate a prepotential (i.e. a solution of the WDVV equations)
in the standard way: the third derivatives of the prepotential with respect to flat co-
ordinates are the totally covariant structure constants of the corresponding product.
Finally, recall that a Frobenius structure is semisimple if at a generic point the
algebra structure on the tangent space contains no nilpotents. Near a semisim-
ple point one may locally construct canonical coordinates v1, . . . , vn reducing the
multiplication table to
∂
∂vi
· ∂
∂vj
= δij
∂
∂vi
and (consequently) the metric to diagonal form. In the following we will always deal
with semisimple structures and work directly in a system of canonical coordinates.
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1.2. Double Hurwitz spaces. Let µ = (m1, . . . ,mK), ν = (n1, . . . , nL) be two
collections of positive integers with equal sum.
Definition 2. A Hurwitz cover (or spectral curve) of type g, µ, ν is a pair (Cg , λ),
where
• Cg is a smooth genus g curve with K + L distinct ordered marked points
z1, . . . , zK , p1, . . . , pL and a marked symplectic homology basis a1, . . . ag,
b1, . . . , bg ∈ H2(Cg,Z).
• λ : Cg → P1 is a meromorphic function with zeros at the za and poles at
the pb, with respective multiplicities ma, nb. That is, we have
(λ) =
K∑
a=1
maza −
L∑
b=1
nbpb
as divisors on Cg.
The double Hurwitz space Hg,µ,ν is the moduli space of Hurwitz covers of type
g, µ, ν, where equivalence of covers is given by commutative diagrams
Cg
λ

∼
// C′g
λ′
~~⑥
⑥
⑥
⑥
⑥
⑥
⑥
P1
Note that the base P1 is parametrized: any automorphism of P1 acts nontrivially
on the Hurwitz space, as long as it preserves the type of the cover.
Remark 2. Consider in particular the C∗-action given by
(1.6) (Cg, λ) 7→ (Cg, aλ) a ∈ C∗
which always preserves the type of the cover. The quotient of the moduli space
by this action is closely related to the so-called double ramification cycle DRg,µ,ν ,
which is the subvariety of moduli space Mg,K+L of smooth genus g curves with
K + L marked points defined by the requirement that the divisor
δµ,ν
.
=
K∑
a=1
maza −
L∑
b=1
nbpb
be principal:
DRg,µ,ν =
{
(Cg, za, pb) ∈ Mg,K+L; ∃ λ : Cg → P1 such that (λ) = δµ,ν
}
Imposing δµ,ν to be principal amounts to g equations on Mg,K+L, so that
dimDRg,µ,ν = dimMg,K+L − g = 2g − 3 +K + L
We have an obvious morphism
π : Hg,µ,ν → DRg,µ,ν
which forgets the map λ (equivalently, quotients by the action (1.6)) and the marked
homology basis. Since the second datum is discrete, the fiber of π is 1-dimensional
and we have
dimMg,µ,ν = 2g − 2 +K + L .= n
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The space Hg,µ,ν may in general consist of several connected components. In the
following we work on some chosen connected component of Hg,µ,ν . Moreover, we
restrict to the open dense subset consisting of “generic” covers, in the sense that
all zeros of dλ are assumed to be simple away from the marked points. We denote
by Mg,µ,ν the resulting space.
By Riemann-Hurwitz formula, a generic cover has n = 2g − 2 + K + L simple
branch points, which equals the dimension of the space. The morphism sending
(Cg, λ) to the disordered set of critical values of λ is unramified of finite degree.
Hence the (arbitrarily ordered) branch points u1, . . . , un of λ provide local coordi-
nates on Mg,µ,ν .
Let Cg,µ,ν →Mg,µ,ν be the universal curve, i.e. the bundle over Mg,µ,ν whose
fiber at the point u ∈Mg,µ,ν is the Cg(u). The functions λ on the fibers glue to a
map (which we denote by the same letter)
λ : Cg,µ,ν → P1
We identify nearby fibers along the level sets
(1.7) λ = const
and so obtain a canonical lifting of vector fields from the base to the universal curve.
The marked points z1, . . . , zK , p1, . . . , pL provide global horizontal sections of Cg,µ,ν .
In general, level sets of λ fail to be transversal to the fibers at the ramification locus
of λ: let Cg be the fiber over u and Pi ∈ Cg be the i-th ramification point:
(1.8) dλ(Pi) = 0, λ(Pi) = ui i = 1, . . . , n
Then the horizontal lift ∂/∂ui is tangent to Cg(u) at Pi. Another way to view this
is to observe that near the point Pi the natural local parameter on the curve is
τ = (λ− ui)1/2 near Pi
which is not horizontal as it depends explicitly on ui.
2. Horizontal differentials and flat metrics
To simplify notation, we drop the subscripts g, µ, ν everywhere from now on.
Definition 3. Let (C, λ) be a spectral curve belonging to M. An admissible
differential on C is a holomorphic differential Ω on the universal cover of C \
{z1 . . . , zK , p1, . . . , pL} such that for all γ ∈ H1(C \ {za, pb},Z) we have
(2.1) Ω(P + γ)− Ω(P ) =
∑
k∈Z
ck(γ)λ
kdλ P ∈ C
with only a finite number of ck non-zero.
The (infinite dimensional) vector space of admissible differentials on a spectral
curve induces a (infinite rank) vector bundle A → M on the Hurwitz space. The
horizontal differentials are certain sections of this bundle. The horizontality condi-
tion is as follows: let Ω = Ω(u) be a local section of A. We view Ω as a multivalued
1-form on the universal curve C, and denote by ∂iΩ its Lie-derivative with respect
to ∂/∂ui. Recall that the latter is defined as the horizontal lift to the universal
curve of the coordinate vector field ∂/∂ui on the base.
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Definition 4. A local section Ω = Ω(u) of A is horizontal if, for all i = 1, . . . , n,
the restriction of ∂iΩ to each fiber of the universal curve is an Abelian differential
of the second kind, with only a double pole at Pi and zero a-periods.
To rephrase more concretely the definition, we spell out the analytic properties
of a generic admissible differential Ω on a given spectral curve:
Ω =
∑
k<−1
Ba,kτ
kdτ +
1
ma
∑
l∈Z
Ra,ld(λ
l logλ) + reg(2.2)
at za, τ = λ
1/ma , a = 1, . . . ,K
Ω =
∑
k<−1
Cb,kτ
kdτ +
1
na
∑
l∈Z
Sb,ld(λ
l logλ) + reg
at pb, τ = λ
−1/nb , b = 1, . . . , L
Ω(P + aα)− Ω(P ) =
∑
k∈Z
Dα,kλ
kdλ ≡ dDα(λ) α = 1, . . . , g
Ω(P + bα)− Ω(P ) =
∑
k∈Z
Eα,kλ
kdλ ≡ dEα(λ) α = 1, . . . , g
∮
aα
Ω = Aα α = 1, . . . , g
Remark 3. Some care is needed in the definition of the periods of a multi-valued
differential. We let all the periods be computed along paths starting at some fixed
point P0 and ending at the same point. When working in families, we assume
that P0 belongs to an horizontal section λ(P0) = const of the universal curve.
Then the a- and b-periods of a multivalued differential of the form (2.2) contain an
additive constant Dα(λ(P0)), Eα(λ(P0)) respectively. Speaking of the periods of an
admissible differential, we are implicitly quotienting out this additive constant.
Clearly, the coefficients A,B,C,D,E,R, S in (2.2) completely characterize Ω. A
horizontal section is by definition a moduli-dependent family of differentials of the
form (2.2), such that all the coefficients A,B,C,D,E,R, S are independent of the
moduli. As a consequence, all singularities, jumps and a-periods disappear when
we differentiate with respect to the moduli while keeping λ constant. At the same
time, a double pole at Pi must appear, since
Ω = (Ω(Pi) +O(τ))dτ near Pi, τ = (λ− ui)1/2
⇒ ∂iΩ =
(
Ω(Pi)
2τ2
+O(1)
)
dτ(2.3)
Here and in the following, we use the notation Ω(Pi) to indicate the 0th order term
in the expansion of Ω at the i-th ramification point in powers of the natural local
parameter.
Definition 5. A horizontal differential is covariantly constant if ∂iΩ = 0 for all i,
or, equivalently, it is of the form
∑
k∈Z
(ck + bk logλ)λ
kdλ
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with ck, bk independent of the moduli.
We denote by H(M) the space of horizontal differentials modulo covariantly con-
stant differentials.
It is clear from (2.2) that an admissible differential on a given spectral curve
of M extends uniquely to an horizontal differential on the whole M. Thus the
coefficients A,B,C,D,E,R, S can serve as coordinates on H(M); they are however
subject to a set of linear constraints, partly of geometrical nature (e.g. the sum of
residues must be zero) and partly coming from the fact that we are quotienting out
covariantly constant differentials. More precisely we have:
Lemma 1. The following differentials form a basis of H(M):
1. Abelian differentials Ω
(−k)
a,r , r = 1, . . . ,ma − 1, a = 1, . . . ,K, k = 0, 1, . . .
of the second kind having only a pole at za with principal part
Ω(−k)a,r =
(
1
τkma+1+r
+O(1)
)
dτ at za, τ = λ
1/ma
and zero a-periods.
2. Abelian differentials Ω
(k)
b,s , s = 1, . . . , nb − 1, b = 1, . . . , L, k = 0, 1, . . . of
the second kind having only a pole at pb with principal part
Ω
(k)
b,s =
(
1
τknb+1+s
+O(1)
)
dτ at pb, τ = λ
−1/nb
and zero a-periods.
3. Abelian differentials Ω
(−k)
a , a = 2, . . . ,K, k = 1, 2, . . . of the second kind
having only a pole at za with principal part
Ω(−k)a = d(λ
−k) + reg at za
and zero a-periods.
4. Abelian differentials Ω
(k)
b , b = 2, . . . , L, k = 1, 2, . . . of the second kind
having only a pole at pb with principal part
Ω
(k)
b = d(λ
k) + reg at pb
and zero a-periods.
5. Abelian differentials Φ
(0)
a , a = 2, . . . ,K of the third kind having simple poles
at z1, za with residues ±1 respectively and zero a-periods.
6. Abelian differentials Ψ
(0)
b , b = 2, . . . , L of the third kind having simple poles
at p1, pb with residues ±1 respectively and zero a-periods.
7. Multivalued differentials Φ
(k)
a , a = 2, . . . ,K, k ∈ Z \ 0 with singularities
only at z1, za of the form
Φ(k)a =
1
m1
d(λk logλ) + reg at z1
=
1
ma
d(λk logλ) + reg at za
and zero a-periods.
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8. Multivalued differentials Ψ
(k)
b , b = 2, . . . ,K with singularities only at p1, pb
of the form
Ψ
(k)
b =
1
n1
d(λk logλ) + reg at p1
=
1
nb
d(λk log λ) + reg at pb
and zero a-periods.
9. Multivalued differentials σ
(k)
α , α = 1, . . . , g, k ∈ Z with jumps along the
a-cycles of the form
σ(k)α (P + aα)− σ(P ) = λk−1dλ
and zero a-periods.
10. Multivalued differentials ρ
(k)
α , α = 1, . . . , g, k ∈ Z with jumps along the
b-cycles of the form
ρ(k)α (P + bα)− ρ(P ) = λk−1dλ
and zero a-periods.
11. Holomorphic differentials ωα, α = 1, . . . , g normalized on the a-periods:∮
aβ
ωα = δαβ
The main tool to associate flat geometries to horizontal differentials is a bilinear
pairing on H(M):
Lemma 2. Let
〈·, ·〉 : H(M)×H(M)→ Funct(M)
be the bilinear pairing defined by the formula
(2.4)
〈Ω1,Ω2〉 =
K∑
a=1

 ∑
k≤−1
1
k
B
(1)
a,k−1Resza
(
λk/maΩ2
)
−
∑
l∈Z
R
(1)
a,lp.v.
∫ za
P0
λlΩ2

+
+
L∑
b=1

 ∑
k≤−1
1
k
C
(1)
b,k−1Respb
(
λ−k/nbΩ2
)
−
∑
l∈Z
S
(1)
b,l p.v.
∫ pb
P0
λlΩ2

+
+
1
2πi
g∑
α=1
[∮
bα
D(1)α (λ)Ω2 −
∮
aα
E(1)α (λ)Ω2 +A
(1)
α
∮
bα
Ω2
]
Here all the coefficients appearing refer to the first differential Ω1. The principal
values are defined by subtraction of the divergent part of the integrals in the canon-
ical local parameters and P0 is an arbitrary horizontal section λ(P0) = const.
Then the identity
(2.5)
∂
∂ui
〈Ω1,Ω2〉 = Ω1(Pi)Ω2(Pi)
2
holds true.
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Proof. The proof of [3] works (with obvious modifications) in our more general
setting. 
At this stage we select an horizontal differential φ ∈ H(M), called the quasi-
momentum differential. Setting
(2.6) ηi
.
=
∂
∂ui
〈φ, φ〉 = φ(Pi)
2
2
we associate to φ three metrics, all diagonal in the canonical coordinates:
(2.7) η
.
=
n∑
i=1
ηidu
2
i
(2.8) g
.
=
n∑
i=1
ηi
ui
du2i
(2.9) η˜
.
=
n∑
i=1
ηi
u2i
du2i
They are defined not globally on M, but only on the dense open subset Mφ =
{φ(Pi) 6= 0, i = 1, . . . , n}. We will implicitly assume this restriction in the following.
Theorem 1. The metric g is flat. Moreover
• If µ = (1, . . . , 1) then η is flat.
• If ν = (1, . . . , 1) then η˜ is flat.
Whenever two of the metrics η, g, η˜ are flat, they form a flat pencil.
We begin by noting that the curvature of the metrics (2.7), (2.8), (2.9) does not
depend on the choice of the quasi-momentum differential:
Lemma 3. For all Ω1,Ω2 ∈ H(M), the identity
(2.10) Ω1(Pi)
∂
∂ui
Ω2(Pj) = Ω2(Pi)
∂
∂ui
Ω1(Pj) for all i 6= j
holds true. In particular, the rotation coefficients
γij =
∂i
√
ηj√
ηi
do not depend on the choice of φ.
Proof. Again, the proof of [3] applies almost verbatim to the case of double Hurwitz
spaces. 
We will prove Theorem 1 by explicitly constructing the flat coordinates of the
three metrics. They result from the action of the infinitesimal automorphisms of
P1 on the Hurwitz space: if µ, ν are both trivial (i.e. equal to (1, . . . , 1)), any
infinitesimal automorphism of P1 preserves the type of the Hurwitz cover, and we
have an action of sl(2,C) on M. On the other hand, if the prescribed tangency
condition at one point is nontrivial, only the subalgebra fixing that point acts on
FROBENIUS STRUCTURES ON DOUBLE HURWITZ SPACES 11
M.
Introduce the following sl(2,C) algebra of vector fields on the universal curve:
(2.11) De
.
=
∂
∂λ
+ ∂e, ∂e =
n∑
i=1
∂
∂ui
DE
.
= λ
∂
∂λ
+ ∂E , ∂E =
n∑
i=1
ui
∂
∂ui
De˜
.
= λ2
∂
∂λ
+ ∂e˜, ∂e˜ =
n∑
i=1
u2i
∂
∂ui
As usual we let the vector fields on the universal curve act on horizontal differentials
as the Lie derivative.
Proposition 1.
(i) For all Ω ∈ H(M), DEΩ ∈ H(M) and we have the formula
(2.12) ∂E〈Ω1,Ω2〉 = 〈DEΩ1,Ω2〉+ 〈Ω1, DEΩ2〉+ const
Moreover, DE has a n-dimensional kernel H0(M) = {Ω ∈ H(M);DEΩ =
0}, which is spanned by
– Φ
(0)
a a = 2, . . . ,K.
– Ψ
(0)
b b = 2, . . . , L.
– ρ
(0)
α , , α = 1, . . . , g.
– ωα, α = 1, . . . , g.
(ii) Let µ be trivial. Then for all Ω ∈ H(M), DeΩ ∈ H(M) and we have the
formula
(2.13) ∂e〈Ω1,Ω2〉 = 〈DeΩ1,Ω2〉+ 〈Ω1, DeΩ2〉+ const
Moreover, De has a n-dimensional kernel HT (M) = {Ω ∈ H(M);DeΩ =
0}, which is spanned by
– Ω
(0)
b,s , s = 1, . . . , nb − 1, b = 1, . . . , L.
– Ω
(1)
b , b = 2, . . . , L.
– Ψ
(0)
b b = 2, . . . , L.
– ρ
(1)
α , α = 1, . . . , g.
– ωα, α = 1, . . . , g.
(iii) Let ν be trivial. Then for all Ω ∈ H(M), De˜Ω ∈ H(M) and we have the
formula
(2.14) ∂e˜〈Ω1,Ω2〉 = 〈De˜Ω1,Ω2〉+ 〈Ω1, De˜Ω2〉+ const
Moreover, De˜ has a n-dimensional kernel HT˜ (M) = {Ω ∈ H(M);De˜Ω =
0}, which is spanned by
– Ω
(0)
a,r, r = 1, . . . ,ma − 1, a = 1, . . . ,K.
– Ω
(−1)
a , a = 2, . . . ,K.
– Φ
(0)
a a = 2, . . . ,K.
– ρ
(−1)
α , α = 1, . . . , g.
– ωα, α = 1, . . . , g.
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Proof. Consider a horizontal differential Ω near a marked point, say a zero za of λ.
For simplicity let us assume that it is holomorphic there (the general case is treated
in the same way):
Ω = (Ω0 +O(τ))dτ τ = λ
1/ma
where Ω0 is in general a function of u1, . . . , un. It il clear that
DEΩ =
(
∂EΩ0 +
1
ma
Ω0 +O(τ)
)
dτ
is still holomorphic at za. On the other hand
DeΩ =
(
1−ma
ma
τ−maΩ0 +O(τ
1−ma )
)
dτ
has a pole at za unless ma = 1. Moreover, the principal part will as a rule depend
on the moduli, which means that the obtained differential is not horizontal.
Repeating the same argument at a pole of λ shows that DE automatically preserves
horizontality, while De˜ only does if nb = 1 for all b.
The “Leibnitz-type” formulas are easy consequences of (2.5).
Finally the statements about the kernels of De, DE , De˜ are checked immediately by
looking at the action of the three operators on the basis elements of Lemma 1. 
Proof of Theorem 1. Let us prove that g is flat by constructing explicitly flat coor-
dinates. Let ψ1, . . . , ψn be a basis of H0(M) and fk .= 〈ψk, φ〉. Then, using (2.5)
and Proposition 9,
g−1(dfk, dfl) =
n∑
i=1
g−1i (u)∂ifk∂ifl =
=
n∑
i=0
( 2ui
φ(Pi)2
)(φ(Pi)ψk(Pi)
2
)(φ(Pi)ψl(Pi)
2
)
=
=
n∑
i=0
ui
ψk(Pi)ψl(Pi)
2
= ∂E〈ψk, ψl〉 = const
since DEψk = DEψl = 0.
Note that the fk are independent functions. Indeed, assume ∂i〈ψ, φ〉 = 0 for all
i = 1, . . . , n for some ψ ∈ H0(M). Because of (2.5) and the fact that φ(Pi) 6= 0 on
M by assumption, this would imply ψ(Pi) = 0 and therefore ∂iψ = 0 for all i (see
(2.3)). Thus ψ would be covariantly constant and therefore zero in H(M). This
proves that the fk provide a set of flat coordinates for g.
Flatness of η and η˜ are proved in the same way: the flat coordinates are given
again by f = 〈ψ, φ〉 for ψ ∈ HT (M), HT˜ (M) respectively, whenever these spaces
are defined.
For the compatibility statement, recall that for a diagonal metric
g =
n∑
i=1
gidu
2
i ,
the flatness property is expressed in terms of the rotation coefficients in the form
∂iγjk = γjiγik i, j, k, distinct
∂iγij + ∂jγji +
∑
k 6=i,j
γkiγkj = 0
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Given a second diagonal metric of the form
g˜ =
n∑
i=1
gi
fi
du2i ,
where the fi = fi(ui) are functions of the single variable ui, the first part of the
above system is automatically satisfied for g˜. The second part reads
1
2
f ′iγij +
1
2
f ′jγji + fi∂iγij + fj∂jγji +
∑
k 6=i,j
fkγkiγkj = 0
which is linear in the fi. As a consequence any two solutions automatically give
rise to a flat pencil. 
As a by-product of the proof we obtained:
Corollary 1.
(i) A basis of flat coordinates of g is given by
(2.15) pa
.
= 〈Ωa, φ〉
where Ωa runs through a basis of H0(M).
(ii) Let µ be trivial. A basis of flat coordinates of η is given by
(2.16) tα
.
= 〈Ωα, φ〉
where Ωα runs through a basis of HT (M).
(iii) Let ν be trivial. A basis of flat coordinates of η˜ is given by
(2.17) sα
.
= 〈Ωα, φ〉
where Ωα runs through a basis of HT˜ (M).
3. Frobenius structures and Whitham-type hierarchies
Theorem 1 naturally leads to the following generalization of Dubrovin’s con-
struction of Frobenius structure on (single) Hurwitz spaces [3, 5]:
Theorem 2. Let the quasi-momentum φ be homogeneous, in the sense that
DEφ =
1− d
2
φ
for some constant d.
(i) The metric g, together with the multiplication rule of vector fields
(3.1)
∂
∂ui
⋆
∂
∂uj
= δij
1
ui
∂
∂ui
endows M with a semisimple dual-type Frobenius structure of charge d.
(ii) Let µ be trivial and φ ∈ HT (M). Then the metric η and the product
∂
∂ui
· ∂
∂uj
= δij
∂
∂ui
define a semisimple conformal Frobenius structure of charge d on M, and
the dual-type structure (i) coincides with the almost-dual one.
(iii) If µ and ν are both trivial, then the conformal structure of (ii) is tri-
hamiltonian.
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Proof. We already proved that the intersecton form g is flat, and the product (3.1)
is obviously associative and compatible with g. It remains to check that the flat
coordinates of g are homogeneous functions of degree (1 − d)/2 of the canonical
coordinates. This follows immediately from the explicit formula (2.15) and (2.12).
Part (ii) is just a restatement of Dubrovin’s construction.
To prove (iii), let us consider the homogeneity degrees of the flat coordinates (2.16)
of η. Using Proposition 9 and the fact that nb = 1 by assumption, we find
∂E〈φ,Ωα〉 = 1− d
2
〈φ,Ωα〉 for Ωα = Ψ(0), ω
∂E〈φ,Ωα〉 = 3− d
2
〈φ,Ωα〉 for Ωα = Ω(1), ρ(1)
up to constants. Thus the flat coordinates split into two blocks of the same degree.
This completes the proof. 
Remark 4. As we mentioned, the case (ii) recovers the standard construction, with
the slight difference that the discriminant is automatically excluded in our setting
(the canonical coordinates are non-zero by construction). It is well-known ([5],
Appendix G) that each irreducible component of the discriminant is an hyperplane
in the flat coordinates of the intersection form. The above result can be seen as a
generalization of this fact to the sub-strata of the discriminant obtained by further
degenerating the ramification over 0.
The whole picture may also be interpreted from the point of view of the Frobenius
submanifold theory developed by Strachan [25, 26]: part (iii) of the theorem says
that in the big moduli space of ramified coverings of the projective line of fixed genus
and degree, there is an open and dense subset possessing a tri-hamiltonian Frobenius
structure. The various double Hurwitz space can be viewed as natural submanifolds
obtained as the intersection of certain caustics and discriminants (clearly, the roles
of 0 and ∞ are interchangeable). While the restriction to these strata of the two
metrics η, η˜ is in general curved, the restriction of g is always flat. This leads to
the dual-type Frobenius structure on each of the strata.
Remark 5. By a standard argument, the defintion of the metrics η, g, η˜ and of
the respective products ·, ⋆, ∗ (see (1.5)) can be recast in the form of Ginzburg-
Landau-type formulas. Introduce the Abelian integral
p(P )
.
= p.v.
∫ P
P0
φ
where the principal value in defined by subtraction of the divergent part at the
marked points in the natural local parameters. Then the map λ can locally be
represented as a function of the variable p, depending on the moduli as parameters;
the local function λ(p) is called the superpotential of the Hurwitz space. We have:
η(X,Y ) =−
∑
P=za,pb
ResP
X(λ(p))Y (λ(p))
dλ(p)
φ2(3.2)
η(X,Y · Z) =−
∑
P=za,pb
ResP
X(λ(p))Y (λ(p))Z(λ(p))
dλ(p)
φ2
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g(X,Y ) =−
∑
P=za,pb
ResP
X(logλ(p))Y (logλ(p))
d logλ(p)
φ2(3.3)
g(X,Y ⋆ Z) =−
∑
P=za,pb
ResP
X(logλ(p))Y (logλ(p))Z(log λ(p))
d logλ(p)
φ2
η˜(X,Y ) =
∑
P=za,pb
ResP
X(1/λ(p))Y (1/λ(p))
d(1/λ(p))
φ2(3.4)
η˜(X,Y ∗ Z) =−
∑
P=za,pb
ResP
X(1/λ(p))Y (1/λ(p))Z(1/λ(p))
d(1/λ(p))
φ2
Here X,Y, Z are arbitrary vector fields on the Hurwitz space, and their action on
the superpotential is now to be understood at p = const (see [5] for details on the
derivation).
We now proceed to the construction of a complete hydrodynamic hierarchy as-
sociated to the dual-type Frobenius structure on M. It is based on the following
Proposition 2. Let Ω ∈ H(M) and h .= 〈φ,Ω〉. We have
(3.5) ∇ˆi∇ˆjh = δij 1
ui
∂
∂ui
〈φ,DEΩ〉
where ∇ˆ is the Levi-Civita connection of the metric g.
Proof. For the off-diagonal elements of the covariant Hessian, we have to check that
(3.6) ∂i∂jh− Γiij∂ih− Γjij∂jh = 0 i 6= j
where Γ are the Christoffell symbols of the intersection form in the canonical coor-
dinates (there is no summation over repeated indices in this formula). Using (2.5),
we compute
∂i∂jh = ∂i
(
φ(Pj)Ω(Pj)
2
)
=
∂iφ(Pj)Ω(Pj)
2
+
φ(Pj)∂iΩ(Pj)
2
Γiij∂ih = ∂j log(g
1/2
i )∂ih =
∂jφ(Pi)Ω(Pi)
2
Γjij∂jh = ∂i log(g
1/2
j )∂jh =
∂iφ(Pj)Ω(Pj)
2
Then diagonality of the Hessian follows from (2.10).
For the diagonal elements, we compute
∇ˆi∇ˆih = ∂2i h−
n∑
j=1
Γjii∂jh
Γjii = −
uj
ui
∂i logφ(Pj), i 6= j Γiii = ∂i logφ(Pi)−
1
2ui
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which yields
∇ˆi∇ˆih = ∂i
(
φ(Pi)Ω(Pi)
2
)
− ∂iφ(Pi)Ω(Pi)
2
+
+
1
2ui
φ(Pi)Ω(Pi)
2
+
∑
j 6=i
uj
ui
∂iφ(Pj)Ω(Pj)
2
=
=
1
2

φ(Pi)∂iΩ(Pi) + 1
2ui
φ(Pi)Ω(Pi) +
∑
j 6=i
uj
ui
φ(Pi)∂jΩ(Pi)

 =
=
1
ui
φ(Pi)(
1
2Ω(Pi) + ∂EΩ(Pi))
2
=
1
ui
∂i〈φ,DEΩ〉

Recall that the flat metric g induces a Poisson bracket of hydrodynamic type on
the formal loop space LM = {X ∈ S1 7→ p(X) ∈ M}:
(3.7) {pa(X), pb(Y )} = gabδ′(X − Y )
where pa are flat coordinates of g.
Corollary 2.
(i) Let I(M) .= {h = 〈φ,Ω〉; Ω ∈ H(M)}. Consider a local functional of
hydrodynamic type with density with density in I(M):
(3.8) H [p]
.
=
∫
h(p)dX h = 〈φ,Ω〉 ∈ I(M)
Then its hamiltonian flow with respect to (3.7) can be written in the “Flaschka-
Forest-McLaughlin form” [11]
(3.9) ∂Tφ = ∂X(DEΩ)
(ii) Any two functionals of the form (3.8) are in involution with respect to (3.7).
Moreover, I(M) is a complete family of conservation laws in the sense of
Tsarev [27].
(iii) Assume DEφ = 0 (i.e. d=1). Then for any pair of densities hi = 〈φ,Ωi〉 ∈
I(M), i = 1, 2 we have
(3.10) ∂T 1∂Eh2 = ∂X〈DEΩ1, DEΩ2〉 = ∂T 2∂Eh1
where ∂T i denotes the hamiltonian flow of the local functional with density
hi. In other words, ∂E acts as a tau-symmetry operator [9] in the space of
conservation laws I(M).
(iv) Let Hk(M), k ∈ Z be the n-dimensional subspace of H(M) consisting of
homogeneous differentials of degree k,
(3.11) Hk(M) .= {Ω ∈ H(M); DEΩ = kΩ}
Explicitly, for positive k it is generated by
– Φ
(k)
a , a = 2, . . . ,K.
– Ω
(k)
b , b = 2, . . . , L.
– σ
(k)
α , α = 1, . . . , g.
– ρ
(k)
α , α = 1, . . . , g
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and similarly for negative k, with Ω
(−k)
a instead of Φ
(k)
a and Ψ
(k)
b instead of
Ω
(k)
b . Then, for all Ω ∈ Hk(M), 〈φ,Ω〉 is a flat function of the deformed
connection
∇ˆ(z)X Y = ∇ˆXY + zX ⋆ Y
for the value z = k of the deformation parameter.
Proof.
(i) Take the leading term of the expansion of (3.9) at a ramification point Pi
and use the proposition:
∂Tui =
(DEΩ)(Pi)
φ(Pi)
∂Xui =
2ui
φ(Pi)2
∂i〈φ,DEΩ〉)
2ui
∂Xui =
= g−1i ∇ˆi∇ˆi〈φ,Ω〉 ∂Xui = {H,ui}
(ii) The last computation shows that the canonical coordinates are common
Riemann invariants for the Hamiltonian flows of the functionals (3.8), which im-
mediately implies the involutivity statement. The completeness statement can be
proven using the same method of [27]: we have to show that I(M) is dense in the
space of solutions of the diagonality equation (3.6). The map
h → (ψ1, . . . , ψn), ψi .= φ(Pi)−1 ∂h
∂ui
turns (3.6) into the system
(3.12) ∂iψj = γijψi i 6= j
where γij are the rotation coefficients of the metric η. The solutions are locally
parametrized by n functions of one variable. Since the metric η is not flat, the ro-
tation coefficients are not translation invariant; instead we can use the homogeneity
∂Eγij = −γij to complete (3.12) to
(3.13)
{
∂iψj = γijψi i 6= j
∂Eψi = zψi
where z is a spectral parameter. Taking this basis of Hk(M) (see (3.11)) and the
corresponding densities in I(M), the above procedure will produce n independent
solutions of (3.13) for z = k. Doing this for each k one constructs a full family
of homogeneous, integer degree solutions of (3.12); restricting them to an integral
curve of ∂E we obtain a basis of continuous vector-valued functions on the curve,
which are suitable Cauchy data for (3.12). This proves completeness of I(M).
(iii) For DEφ = 0, we have
∂T 1∂Eh2 = ∂T 1〈φ,DEΩ2〉 =
n∑
i=1
∂i〈φ,DEΩ2〉∂T 1ui =
=
n∑
i=1
(DEΩ1)(Pi)(DEΩ2)(Pi)
2
∂Xui =
n∑
i=1
∂i〈DEΩ1, DEΩ2〉∂Xui =
= ∂X〈DEΩ1, DEΩ2〉
The last expression is clearly symmetric under the exchange of 1 and 2.
(iv) Rewriting (3.5) in the flat coordinates pa of the intersection form and using
〈φ,DEΩ〉 = kh we obtain
(3.14) ∂a∂bh = kcˆ
d
ab∂dh
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where cˆcab are the structure constants of ⋆. The last equation is just ∇ˆ(z=k)dh =
0. 
Let us fix for each k a basis ψ1,k, . . . , ψn,k of Hk(M). The hierarchy of quasi-
linear PDEs
(3.15) ∂Ta,kφ = ∂Xψa,k a = 1, . . . , n, k ∈ Z \ 0
is called the Whitham-type hierarchy associated to the double Hurwitz space M.
Each of the flows is hamiltonian with respect to (3.7), with hamiltonian density
ha,k
.
= 1k 〈φ, ψa,k〉. Note that the level k = 0 is excluded in (3.15) since the functions
〈φ, ψa,0〉 are densities of Casimirs of (3.7) (they are flat coordinates of g).
Remark 6. For d = 1 equation (3.14) may be rewritten as
∂a∂bh = cˆ
d
ab∂d∂Eh
which is the usual defining equation for the hamiltonian densities of the principal
hierarchy [5, 9] of a Frobenius manifold (recall that here ∂E plays the role of the
unit vector field). There is however a structural difference here in the fact that
the unit vector field acts as a diagonal operator (∂Eha,k = kha,k) on the basis, as
opposed to a recursion operator. This is due to the fact that in the construction
of the principal hierarchy the hamiltonian densities are obtained as coefficients of
the series expansion at z = 0 of the deformed flat coordinates, while in (3.15) they
are deformed flat coordinates evaluated at integer values of the deformation pa-
rameters. In the setting of double Hurwitz spaces (where the flat coordinates being
deformed are morally those of the intersection form) the second way of defining
the flows appears to be more natural: e.g. it admits a Flaschka-Forest-McLaughlin
representation, while the first doesn’t.
A rich family of solutions of (3.15) can be found via the generalized hodograph
method: the solution is defined implicitly by the equations
(3.16)

∑
k 6=0
n∑
a=1
T˜ a,kψa,k +Xφ


∣∣∣∣∣∣
Pi
= 0 i = 1, . . . , n
where T˜ a,k
.
= T a,k − Ca,k and Ca,k are arbitrary constants which parametrize the
family. For d = 1, one easily checks that the tau-function of (3.16) is given by
(3.17) log τ(X,T ) =
1
2
∑
T˜ a,kT˜ b,l〈ψa,k, ψb,l〉+X
∑
T˜ a,k〈φ, ψa,k〉+ 1
2
X2〈φ, φ〉
4. Examples
4.1. The dispersionless q-deformed Gelfand-Dickey hierarchy. In [14, 15]
the authors define a difference version of the Gelfand-Dickey hierarchy, based on a
q-deformation of the classical W-algebra of sl(n). The Lax operator has the form
L = Λn+1 + α1Λ
n + · · ·+ αnΛ + αn+1
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where αi = αi(l) are function of the discrete spatial variable l ∈ Z and Λ is the
difference operator2
(4.1) Λα(l) = α(l + 1)
The equations of the hierarchy are given by the usual formulas
(4.2)
∂
∂tp
L = [L, (Lp/(n+1))+] p = 1, 2, . . . , p 6= k(n+ 1)
where L1/(n+1) is the unique pseudo-difference operator Λ+β0+β−1Λ
−1+ . . . such
that (L1/(n+1))n+1 = L and the subscript + denotes the polynomial part in Λ. It is
proved in [14] that the equations (4.2) have bi-hamiltonian structure and commute
pairwise.
A straightforward computation shows that (4.2) implies ∂αn+1/∂t
p = 0, so the
hierarchy is naturally reduced to the submanifold αn+1 = const; let us set it to
zero. The reduced Lax operator is
(4.3) L = Λn+1 + α1Λ
n + · · ·+ αnΛ
By definition, the dispersionless limit is obtained by setting X = ǫl, T p = ǫtp and
taking the ǫ → 0 limit in all the equations. An equivalent approach consists in
taking the semi-classical limit of the Lax formalism: one substitutes L with its
symbol
(4.4) L→ λ = zn+1 + α1zn + · · ·+ αnz
and the commutator with the classical Poisson bracket
(4.5) [L,M ]→ {λ, µ} = z ∂λ
∂z
∂µ
∂X
− z ∂µ
∂z
∂λ
∂X
where L,M are arbitrary difference operators and λ, µ the corresponding symbols.
Here in short we substituted ǫ∂X → p and put z = ep.
This approach leads immediately to the relevant Hurwitz space: the symbol of the
Lax operator is to be identified with the superpotential, and the quasi-momentum
with the exact differential dp. Here the symbol (4.4) corresponds to
g = 0, ν = (1, . . . , 1), µ = (n+ 1)
and the quasi-momentum is the third kind differential
(4.6) φ
.
= dp ≡ dz
z
with simple poles at the pole of λ and at one of the zeros. The coefficients α1, . . . , αn
are global coordinates on the Hurwitz space. Here as usual we exclude the points
where the polynomial is not sufficiently generic; specifically we assume that neither
λ nor λ′ have multiple roots.
The dispersionless q-difference Gelfand-Dickey hierarchy can be rewritten in the
Flaschka-Forest-McLaughlin form
∂Tpφ = ∂XΩ
(k)
1,s p = k(n+ 1) + s
2Equivalently, we may view the dependent variables αi as functions of the “slow” spatial
variable X = ǫl and Λ as the shift operator Λα(X) = α(X+ ǫ). In the original papers the authors
use the multiplicative version Λα(z) = α(qz); the additive and multiplicative formulations are
identified by setting z = eX , q = eǫ.
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In the standard formulation of the Gelfand-Dickey hierarchy, the differential
operator ∂x replaces Λ in the Lax operator. The dispersionless limit is described
by the same Hurwitz space, but with a different quasi-momentum, namely
φ = dz
From the point of view of the underlying Frobenius structures (see Theorem 2),
this is a substantial difference: on one hand dz belongs to HT (M) and thus leads
to a conformal Frobenius structure on M with metric η (the standard Frobenius
structure on the orbit space of the reflection group An). On the other hand dz/z
does not belong to HT (M), so there is no conformal Frobenius structure associated
to the first metric. What we do have is a dual-type structure of charge one (i.e.
non-conformal) on the “almost-dual” side, since dz/z ∈ H0(M). Note however that
the metric η is still flat (which is in agreement with the bihamiltonian nature of
the q-difference version), as this property only depends on the Hurwitz space and
not on the choice of the quasi-momentum. As a matter of fact, in the change of
quasi-momentum from dz to dz/z, the only axiom that is lost at the level of the
first structure is flatness of the unit.
Let us illustrate these facts in the specific case n = 3. The superpotential is
λ = z4 + α1z
3 + α2z
2 + α3z
and the quasi-momentum is (4.6). We begin by considering the first structure;
according to Corollary 1 and Proposition 1, a basis of flat coordinates of η is given
by
〈φ,Ω(0)1,1〉 = −Resz=∞λ1/4φ =
1
4
α1
〈φ,Ω(0)1,2〉 = −
1
2
Resz=∞λ
1/2φ =
1
16
(4α2 − α21)
〈φ,Ω(0)1,3〉 = −
1
3
Resz=∞λ
3/4φ =
1
384
(5α31 − 24α1α2 + 96α3)
Adjusting slightly the normalizations, we set
t1 = −1
4
α1
t2 =
1
8
α21 −
1
2
α2
t3 = − 5
96
α31 +
1
4
α1α2 − α3
The superpotential in terms of the tα takes the form
λ = z4 − 4t1z3 +
(
4t21 − 2t2
)
z2 −
(
2
3
t21 − 2t2t3 + t3
)
z
Using (3.2) one easily computes the metric η and the structure constants of · in the
coordinates tα. We find
η =

 0 0 10 1 0
1 0 0


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and the prepotential
F (t1, t2, t3) = −
(
1
4
t23t2 +
1
2
t3t
2
2t1 +
1
3
t3t2t
3
1 +
1
4
t23t
2
1 +
1
30
t3t
5
1
+
1
12
t42 +
1
3
t32t
2
1 +
1
3
t22t
4
1 +
1
9
t2t
6
1 +
1
63
t81
)
It is quasi-homogeneous of degree 8/3 with respect to the Euler vector field
∂E = t3
∂
∂t3
+
2
3
t2
∂
∂t2
+
1
3
t1
∂
∂t1
It does not satisfy the flatness of the unit axiom; indeed, the unit has the form
∂e =
1
3t3 − 6t2t1 + 2t31
(
6(t2 − t21)
∂
∂t3
+ 6t1
∂
∂t2
− 3 ∂
∂t1
)
The denominator is a factor in the discriminant of the polynomial λ, and hence
does not vanish on M by assumption.
Let us now consider the second structure. Again from Corollary 1 and Proposition
1 we have that the functions
〈φ,Φ(0)2 〉 = p.v.
∫ z2
z1
φ = log z(z2)− log z(z1)
〈φ,Φ(0)3 〉 = p.v.
∫ z3
z1
φ = log z(z3)− log z(z1)
〈φ,Φ(0)4 〉 = p.v.
∫ z4
z1
φ = log z(z4)− log z(z1)
form a basis of flat coordinates of g. Since z(z1) = 0 by our choice of the uniform
parameter z, the terms log z(z1) only contribute an additive constant. Let us set
p1 = 4 log z(z2)
p2 = log z(z3)− log z(z2)
p3 = log z(z4)− log z(z2)
In terms of the coordinates pa the superpotential becomes
λ = z(z − ep1/4)(z − ep1/4+p2)(z − ep1/4+p3)
Substituting in (3.3) we compute the intersection form in the coordinates pa,
g = −

 3/4 1 11 2 1
1 1 2


and the almost-dual prepotential
Fˆ (p1, p2, p3) = −
(
1
8
p31 +
1
2
p21p2 +
1
2
p21p3 + p1p
2
2 + p1p2p3
+p1p
2
3 + p
2
2p3 +
2
3
p32 +
1
2
p2p
2
3 +
5
6
p33
)
+ Li3(e
p2) + Li3(e
p3) + Li3(e
p2−p3)
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where Li3 stands for the tri-logarithmic function
(4.7) Li3(x)
.
=
∑
k≥1
xk
k3
It is readily checked that
∂3Fˆ
∂p1∂pa∂pb
= gab
so that ∂/∂p1 is the unit of the algebra. Clearly, Fˆ is not quasi-homogeneous
because of the presence of the tri-logarithmic part.
4.2. The Whitham-averaged sine-Gordon equation. The sine-Gordon equa-
tion
(4.8) (∂2t − ∂2x)U + sinU = 0
is a well-known example of integrable equation by the inverse scattering method.
The construction of g-phase sine-Gordon solutions and the theory of their slow
modulation (spectral theory, invariant representation and hamiltonian formalism)
were developed in the eighties by Forest, McLaughlin and collaborators [12, 13, 10].
We recall here some of the main results from their work, referring to the original
papers for details.
For all positive g, (4.8) possesses a family of exact g-phase solutions of the form
(4.9) U(x, t) = Wg(θ1(x, t), . . . , θg(x, t);u1, . . . , u2g)
where the function Wg is periodic in each of the arguments θi, each θi depends
linearly on x and t, and the variables u1, . . . , u2g are parametrize the family. More
precisely, the solution Wg is explicitly expressed in terms of the theta function on
the Jacobian of the spectral curve
(4.10) µ2 = λ(λ − u1) · · · (λ− u2g)
The wave numbers and frequencies (which describe the dependence of the phases
on space and time) are also uniquely determined by the curve. It follows that the
g-phase solutions of the sine-Gordon equation are parametrized by the Hurwitz
space M of type
g, µ = (2), ν = (2)
which is by definition the moduli space of hyperelliptic curves (4.10). Physical
solutions of sine-Gordon can be locally approximated by slow modulation of the
exact solutions (4.9), i.e. allowing a dependence ui = ui(X,T ) of the parameters
on the slow space-time variables X = ǫx, T = ǫt; such dependence is described by
the Whitham equations, which can be expressed compactly in the Flaschka-Forest-
McLaughlin form
(4.11) ∂TΩ
(−) = ∂XΩ
(+)
where Ω(±) are the horizontal differentials onM with double poles at λ = 0, λ =∞
and principal parts
Ω(±) =


(
1
τ2 +O(1)
)
dτ at λ =∞, τ = λ−1/2
(± 116 1τ2 +O(1)) dτ at λ = 0, τ = λ1/2
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Corollary 2 implies that (4.11) is Hamiltonian with respect to the hydrodynamic
bracket (3.7), with the quasi-momentum differential
φ = Ω(−)
and the hamiltonian density
h = −2〈Ω(−),Ω(−)〉
(indeed, DEΩ
(−) = −Ω(+)/2).
Let us consider the case g = 1 in detail. The Hurwitz space is the 2-dimensional
moduli space of hyperelliptic curves
(4.12) µ2 = λ(λ− u1)(λ− u2)
In the Weierstrass uniformization,
λ = ℘(z;ω1, ω2)− e3, µ = 1
2
℘′(z;ω1, ω2)
ui = ei − e3, i = 1, 2
where ℘ is the Weierstrass elliptic function with periods ω1, ω2 and ei = ℘(ωi/2),
i = 1, 2, 3 (ω3 = ω1 + ω2).
Because the differential Ω(−) is not homogeneous, using it as the quasi-momentum
only produces a flat metric g, but not a dual-type Frobenius structure on M (i.e.
neither the flatness of the unit nor the quasi-homogeneity axiom are satisfied by
the associated prepotential). We will consider instead the dual-type Frobenius
structure associated to the normalized holomorphic differential
(4.13) φ
.
=
dz
ω1
=
dλ
2µ
The general Flaschka-Forest-McLaughlin flow has the form
∂Tφ = ∂XΩ Ω ∈ H(M)
The original equation (4.11) is recovered from the pair of flows
∂T (−)φ = ∂XΩ
(−) ∂T (+)φ = ∂XΩ
(+)
eliminating X and interpreting T (+) as the new spatial variable.
Let us compute the almost-dual prepotential Fˆ associated to the choice (4.13).
The intersection form reads
(4.14) g =
φ(ω1/2)
2
2u1
(du1)
2 +
φ(ω2/2)
2
2u2
du22 =
1
2ω21(u1 − u2)
(
du21
u21
− du
2
2
u22
)
A basis of H0(M) is provided by φ itself plus the multivalued holomorphic differ-
ential ρ
(0)
1 , with the jump
ρ
(0)
1 (P + ω2)− ρ(0)1 (P ) =
dλ
λ
and vanishing a-period. Therefore a basis of flat coordinates for g is obtained from
the pairings
〈φ, φ〉 ∝
∮
b
dz
ω1
, 〈φ, ρ(0)1 〉 ∝
∮
a
logλ
dz
ω1
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The first integral is just the modular parameter ω2/ω1. To compute the second, we
introduce the Abelian integral3
q(z)
.
= −ζ(z) + 2η1
ω1
z
with periods
q(z + ω1)− q(z) = 0 q(z + ω2)− q(z) = 2πi
ω1
Let C˜ be obtained by cutting the elliptic curve along the a and b cycles plus an
additional path joining λ =∞ (z = 0) and λ = 0 (z = ω3/2). Let γ be a small loop
around this additional cut, and set ψ
.
= log λdz/ω1. Then q(z)ψ(z) is a holomorphic
single-valued differential on C˜, so that
0 =
∫
∂C˜
qψ =
(∮
a
−
∮
a′
)
qψ +
(∮
b
−
∮
b′
)
qψ −
∮
γ
qψ =
=
∮
z∈a
ψ(z)
(
q(z)− q(z + ω2)
)
+
∮
z∈b
ψ(z)
(
q(z)− q(z − ω1)
)
−
∮
γ
qψ
from which
(4.15)
∮
a
logλ
dz
ω1
= − ω1
2πi
∮
γ
qψ
The right hand side equals
(4.16) − ω1
2πi
∮
γ
qψ = p.v.
∫ z=ω3/2
z=0
q(z)dz + πi Resz=0 q(z)dz
where as usual the meaning of the principal value is to subtract the divergent part
of the integral in the canonical local parameters at the end-points. The residue
term in the right hand side of is just a constant since Resz=0 ζ(z)dz = 1. The
principal value is
p.v.
∫ ω3/2
0
(
−ζ(z) + 2η1
ω1
z
)
dz = p.v.
[
− log σ(z) + η1
ω1
z2
]ω3/2
0
=
= − logσ(ω3/2) + p.v. log σ(z)|z=0 + η1
4ω1
(ω1 + ω2)
2
in terms of the Weierstrass σ-function. We have
• p.v. log σ(z)|z=0 = 0, since
z = τ +O(τ3) at z = 0, τ = λ1/2
σ(z) = z +O(z5) at z = 0
⇒ log σ = log τ + log(1 +O(τ2))
• log σ(ω3/2) = 1/4(η1 + η2)(ω1 + ω2) − 1/4 logu1u2. This can be obtained
from the addition formula
℘(u)− ℘(v) = −σ(u+ v)σ(u − v)
σ2(u)σ2(v)
,
evaluating at (u = ω1/2, v = ω3/2) and at (u = ω2/2, v = ω3/2), using
the periodicity properties of σ, and finally taking the product and then the
logarithm.
3Here and in the rest of this section ηi = ζ(ωi/2), where ζ is the Weierstrass zeta function.
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Substituting in the previous formula, we finally obtain
p.v.
∫ ω3
0
q(z)dz =
1
4
(
log u1u2 + iπ + iπ
ω2
ω1
)
We conclude that the functions
(4.17) p1
.
=
1
2
log u1u2 p2
.
=
1
2πi
ω2
ω1
are flat coordinates of the intersection form (4.14).
Lemma 4. The formulas
∂
∂u1
ω1 = − 1
2u1(u1 − u2) (2η1 + e1ω1)
∂
∂u2
ω1 = − 1
2u2(u2 − u1) (2η1 + e2ω1)
∂
∂u1
ω2 = − 1
2u1(u1 − u2) (2η2 + e1ω2)
∂
∂u2
ω2 = − 1
2u2(u2 − u1) (2η2 + e2ω2)
hold true.
Proof. For example the first one; realize the elliptic curve by gluing two copies of
the complex plane along cuts drawn from 0 to u1 and from u2 to ∞. Identifying
the a-cycle with a path in the first sheet encircling the first cut, we have
∂
∂u1
ω1 =
∂
∂u1
∮
a
dλ
2µ
=
∂
∂u1
∮
a
dλ
2
√
λ(λ− u1)(λ − u2)
=
1
2
∮
a
dλ
2µ(λ− u1) =
1
2
∮
a
dz
℘(z)− e1
The integrand in the last expression is an elliptic function with only a double pole
at ω1/2. Confronting the expansions at ω1/2, one checks the equality
1
℘(z)− e1 =
1
u1(u1 − u2) (℘(z − ω1/2)− e1)
which yields the result. 
From the lemma we compute
(4.18) dp1 =
1
2
(
du1
u1
+
du2
u2
)
dp2 =
1
2ω21(u1 − u2)
(
du1
u1
− du2
u2
)
We can now easily check the metric takes antidiagonal form in the coordinates pa:
g−1(dpa, dpb) = δa+b,3
Inverting (4.18) we obtain
(4.19) du1 = u1dp1 + ω
2
1u1(u1 − u2)dp2
du2 = u2dp1 − ω21u2(u1 − u2)dp2
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The explicit transformation from the flat coordinates of the intersection form to the
canonical coordinates can be derived using the identities for Jacobi theta functions4
e1 − e3 =
(
π
ω1
)2
θ44(0, 2πip2)
e2 − e3 = −
(
π
ω1
)2
θ42(0, 2πip2)
e1 − e2 =
(
π
ω1
)2
θ43(0, 2πip2)
which yield
(4.20) u1 = ie
p1
θ24(0, 2πip2)
θ22(0, 2πip2)
u2 = −iep1 θ
2
2(0, 2πip2)
θ24(0, 2πip2)
The structure constants of ⋆ are computed substituting (4.18), (4.19) in
cˆcab =
2∑
i=1
1
ui
∂pc
∂ui
∂ui
∂pa
∂ui
∂pb
which is just the definition (3.1). After lowering one index, we find
cˆ111 = 0 cˆ112 = 1
cˆ122 = 0 cˆ222 = ω
4
1(u1 − u2)2 = π4θ83(0, 2πip2)
The prepotential reads
(4.21) Fˆ (p1, p2) =
1
2
p21p2 + f(p2)
where f is defined by the equation
f ′′′(p) = π4θ83(0, 2πip)
Further developments
An attractive feature of dual-type Frobenius structures on double Hurwitz space
lies in their apparent involvement in the equivariant Gromov-Witten theory of local
Calabi-Yau threefolds.
Brini, Carlet and Rossi showed in [2] that the Ablowitz-Ladik hierarchy can be
realized as the simplest rational reduction of the 2D-Toda hierarchy. Its dispersion-
less limit is described by the dual-type structure on the genus zero Hurwitz space
with µ = ν = (1, 1), and quasi-momentum of the third kind with singularities at a
pole and a zero of λ. It was first pointed out by Brini [1] that the corresponding
prepotential coincides with the genus zero primary Gromov-Witten potential of the
resolved conifold, a fact that led him to formulate a conjectural relation between
4We adopt the following conventions for the Jacobi theta functions:
θ1(z, τ) = −i
+∞∑
n=−∞
(−1)nq(n+1/2)
2
e(2n+1)z θ2(z, τ) =
+∞∑
n=−∞
q(n+1/2)
2
e(2n+1)z
θ3(z, τ) =
+∞∑
n=−∞
qn
2
e2nz θ4(z, τ) =
+∞∑
n=−∞
(−1)nqn
2
e2nz
where q = eiπτ and τ = ω2/ω1.
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the all genera Gromov-Witten theory of local P1 and the full Ablowitz-Ladik hier-
archy.
The general rational reduction of 2D-Toda naturally defines a bi-graded version of
the Ablowitz-Ladik hierarchy, whose dispersionless limit is described by the genus
zero double Hurwitz space with µ = (M, 1, . . . , 1), ν = (N, 1, . . . , 1). In this case the
prepotential of the dual-type structure is found to reproduce the primary Gromov-
Witten invariants of local P1 with orbifold points of weights N,M .
This subject is part of a work currently in progress in collaboration with Brini,
Carlet and Rossi.
References
[1] A. Brini, The local Gromov-Witten theory of CP1 and integrable hierarchies. Comm. Math.
Phys. 313:3 (2012), 571-605.
[2] A. Brini - G. Carlet - P. Rossi, Integrable hierarchies and the mirror model of local CP 1.
Physica D: Nonlinear Phenomena (2011).
[3] B. Dubrovin, Differential geometry of moduli spaces and its applications to soliton equations
and to topological conformal field theory. Surveys Diff. Geom. 4 (1999), 213-238.
[4] B. Dubrovin, Hamiltonian formalism of Whitham-type hierarchies and topological Landau-
Ginsburg models. Comm. Math. Phys. 45 (1992), 195-207.
[5] B. Dubrovin, Geometry of 2D topological field theories. In: “Integrable Systems and Quan-
tum Groups” (authors: R. Donagi, B. Dubrovin, E. Frenkel, E. Previato), eds M. Francavilla,
S.Greco, Springer Lecture Notes in Math. Vol 1620 (1996), 120-348.
[6] B. Dubrovin, On almost duality for Frobenius manifolds. In “Geometry, topology and math-
ematical physics” Amer. Math. Soc. Transl. Ser. 2, 212 (2004), 75-132.
[7] B. Dubrovin - V. B. Matveev - S. P. Novikov, Non-linear equations of Korteweg-de Vries
type, finite-zone linear operators, and Abelian varieties. Uspekhi Math. Nauk. 31:1 (1976),
55-136.
[8] B. Dubrovin - S. Novikov, Hyrdodynamics of weakly deformed soliton lattices. Differential
geometry and Hamiltonian theory. Uspekhi Mat. Nauk 44 (1989) 29-98. English translation
in Russ. Math. Surveys 44 (1989), 35-124.
[9] B. Dubrovin - Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius mani-
folds and Gromov-Witten invariants. Preprint (2001), available at math/0108160.
[10] N. Ercolani - M. G. Forest - D. W. McLaughlin - R. Montgomery, Hamiltonian structure for
the modulation equation of a sine-Gordon wavetrain. Duke Math. J. 55:4 (1987), 949-983.
[11] H. Flaschka, M. G. Forest, and D. W. McLaughlin, Multiphase averaging and the inverse
spectral solution of the Korteweg-de Vries equation. Comm. Pure Appl. Math. 33:6 (1980),
739-784.
[12] M. G. Forest - D. W. McLaughlin, Modulations of sinh-Gordon and sine-Gordon wavetrains.
Stud. Appl. Math. 44 (1983), 11-59.
[13] M. G. Forest - D. W. McLaughlin, Spectral theory for the periodic sine-Gordon equation: a
concrete viewpoint. J. Math. Phys. 23 (1982), 1248-1277.
[14] E. Frenkel, Deformations of the KdV hierarchy and related soliton equations. Internat.
Math. Res. Notices 2 (1996), 55-76.
[15] E. Frenkel, N. Reshetikhin, M. A. Semenov-Tian-Shansky, Drinfeld-Sokolov reduction for
difference operators and deformations ofW-algebras I. The case of Virasoro algebra. Comm.
Math. Phys. 192:3 (1998), 605-629.
[16] I. Krichever, Integration of non-linear equation by methods of algebraic geometry. Funct.
Anal. Appl. 11 (1978) 12-26.
[17] I. Krichever, The dispersionless Lax equation and topological minimal models. Comm. Math.
Phys. 143(1992) 415-429.
[18] I. Krichever, The τ -function of the universal Whitham hierarchy, matrix models and topo-
logical field theories. Comm. Pure Appl. Math. 47:4 (1994), 437-475.
[19] S. P. Novikov, A periodic problem for the Korteweg-de Vries equation. I, Funktsional. Anal.
i Prilozhen, 8:3 (1974), 54-66.
[20] M. V. Pavlov - S. P. Tsarev, Tri-Hamiltonian structures of the Egorov systems. Funct. Anal.
and Appl. 37:1 (2003), 32-45.
28 STEFANO ROMANO
[21] S. Romano, 4-dimensional Frobenius manifolds and Panleve´ VI. Preprint (2012) available
at math-ph/1209.3959.
[22] K. Saito, Primitive forms for a universal unfolding of a function with an isolated critical
point. Journ. Fac. Sci. Univ. Tokyo, Sec. IA, 28:3 (1982), 775-792.
[23] V. Shramchenko, “Real doubles” of Hurwitz Frobenius manifolds. Comm. Math. Phys. 256
(2005) 635-680.
[24] V. Shramchenko, Deformations of Hurwitz Frobenius structures. International Mathematics
Research Notices 6 (2005) 339-387.
[25] I. A. B. Strachan, Frobenius submanifolds. J. Geom. Phys. 38:3-4 (2001), 285-307.
[26] I. A. B. Strachan, Frobenius manifolds: natural submanifolds and induced bi-hamiltonian
structures. Diff. Geom. Appl. 20:1 (2004), 67-99.
[27] S. P. Tsarev, The geometry of hamiltonian systems of hydrodynamic type. The generalized
hodograph method. Mathematics of the USSR-Izvestiya, 37:2 (1990), 397-419.
Stefano Romano
SISSA – International School for Advanced Studies
Via Bonomea, 265 - 34136 Trieste ITALY
Email: sromano@sissa.it
